We developed an all-polarization-maintaining, polarization-multiplexed, dual-comb fiber laser with a nonlinear amplifying loop mirror (NALM) mode-locking mechanism. Owing to the use of the slow and fast axes of a polarization-maintaining fiber (PMF), the dualfrequency combs with slightly different repetition rates from the single-laser cavity are generated at the same center wavelength without extra-cavity nonlinear spectral broadening. The narrow relative beat note between the two frequency combs is obtained with a full-widthat-half-maximum of ~1 kHz in the optical frequency domain. The two frequency combs have high relative stability and mutual coherence owing to passive common-mode noise cancellation.
Introduction
Optical frequency combs have become indispensable tools in various scientific and technical fields, such as frequency metrology, high-precision spectroscopy, high-precision microwave generation, optical communication, arbitrary waveform generation, astronomical spectrograph calibration, and absolute distance measurement [1, 2] . Dual-comb spectroscopy (DCS) attracts wide attention because it has various advantages when compared to other techniques in term of the rapid acquisition time, sensitivity, and resolution [3, 4] . Dual-comb technique is a type of Fourier transform spectroscopy whereby multi-heterodyne detection is performed using two optical frequency combs with slightly different repetition rate (∆frep). In these techniques, one comb (signal comb) is transmitted through the sample and it stores the absorption and phase response of atom and molecule in each comb mode. This information is retrieved precisely from an interferogram between the signal comb and the other comb (local comb) precisely without a mechanical moving stage. Owing to its excellent capabilities, several applications DCS have been reported [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . In these studies, the two frequency combs are required to have high mutual coherence and relative stability for high-sensitivity, high-precision, and highresolution spectroscopy.
The existing dual-comb system uses two independent mode-locked lasers for the generation of two optical frequency combs with a small Δfrep. Since these lasers have independent fluctuations in the free-running state, the interferogram is distorted. Therefore, a tight servo system or signal processing is typically used for high mutual coherence between the two frequency combs. Several schemes have been proposed to overcome this problem [5, 6, [17] [18] [19] . Despite the capabilities of DCS in a wide range of fields, this technique is still mainly restricted to researchers with expertise owing to the high cost of such a system based on two mode-locked lasers and the servo system. Therefore, a simple, robust, and turnkey dual-comb source could offer an alternative solution for a wide range of users, including non-experts.
Recently, a dual-comb laser, which emits two optical frequency combs from a single-laser cavity with a small ∆frep value, has attracted attention owing to its common-mode noise cancellation and passive mutual coherence. Studies have been performed on dual-wavelength [20] , polarization-multiplexed [21] , and bidirectional [22, 23] mode-locked Er-fiber lasers, an Er-doped ZBLAN chip laser [24] , a Kerr-lens mode-locked bidirectional Ti:sapphire laser [25] , a mode-locked integrated external-cavity surface emitting laser (MIXSEL) [26] , and a microresonator [27] . Although these lasers have excellent capabilities, a dual-comb laser with high practicability and robustness is essential to extend the application of the DCS technique beyond research laboratories.
A fiber-based frequency comb has been widely used as a standard system since it was first reported in the early 2000s [28, 29] . Fiber-based frequency combs are inexpensive, compact, and robust owing to their all-fiber-based configuration, and they can generate low phase noise frequency combs [30, 31] . Therefore, many dual-comb systems have been reported with two mode-locked fiber lasers. On the contrary, in a single-mode-fiber-based laser cavity configuration, polarization fluctuation can occur due to its high sensitivity to changes in temperature, pressure, and vibration. This could introduce an undesirable instability in the mode-locking operation. Such a fiber-based frequency comb is used in only research laboratories, and it is unsuitable for applications in practical environmental conditions.
To overcome this problem, all-polarization-maintaining (PM) mode-locked fiber lasers have been developed for robustness under all practical environmental conditions [28, 32, 33] . In these fiber lasers, a semiconductor saturable absorber mirror (SESAM) is used as a modelocking mechanism. A fieldable DCS system based on two PM fiber lasers was reported by Truong et al. [34] . Using the mode-locking mechanism with SESAMs, an all-PM, polarizationmultiplexed, dual-frequency fiber laser was reported by Kolano et al. [35] and Hui [36] . However, owing to the slow relaxation time of a SESAM, the phase noise of fiber-based frequency combs with only SESAM is worse compared to the low phase noise fiber-based frequency combs. Moreover, the relative coherence between the two frequency combs was not investigated.
An all-PM mode-locked Er-fiber laser with a nonlinear amplifying loop mirror (NALM) is an attractive option owing to its low phase noise capability for frequency comb generation [37] [38] [39] [40] . In particular, a self-starting all-PM mode-locked fiber laser with NALM and a nonreciprocal phase shifter [41] is more attractive [37, 38] . Recently, an all-PM dual-wavelength mode-locked fiber laser with only an NALM has been reported [42] . Owing to the dualwavelength scheme, the center wavelength of the two outputs are significantly different from each other. Therefore, extra-cavity nonlinear spectral broadening is necessary to overlap their spectra. More importantly, relative coherence in the optical domain between the two outputs has not been demonstrated with the all-PM configuration.
In this study, we develop an all-PM, polarization-multiplexed, dual-comb fiber laser with NALM, which emits two frequency combs with a small Δfrep from a single all-PM fiber laser cavity. Compared with our recent work for a bidirectional dual-comb fiber laser [23] , the advantage of the all-PM dual-comb fiber laser is robustness for practical environmental instability. The experimental setup is discussed in the following section. In section 3, the dualwavelength and single-wavelength polarization-multiplexed mode-locking operations are analyzed. Moreover, the relative coherence between the two outputs is evaluated. In section 4, we summarize and present the conclusion of the study. Figure 1 shows a schematic of the all-PM, polarization-multiplexed, dual-comb Er-fiber laser, which consists of a linear arm based on free-space and an NALM part. All the fiber components are PM, including the non-doped PMF, Er-doped PMF (PM-EDF, Nufern, PM-ESF-7/125, 1 m), and optical fiber devices. In the fiber components, both polarization axes, i.e., the slow and fast axes in a PMF, are used to generate the two frequency combs. The NALM part consists of a 50/50 coupler, two polarization beam combiners (PBCs, extinction ratio of >30 dB), two nonreciprocal phase shifters (NRPSs), and two polarization-maintaining Er-doped fiber amplifiers (PM-EDFAs). A part of the NALM is divided into two paths for both orthogonal polarization axes using the two PBCs. The NRPSs are installed in the separated paths and they assist the self-starting mode-locking operation and generation of low phase noise frequency comb in both the polarization axes. An NRPS consists of two Faraday rotators (FRs), one quarter-waveplate (QWP), and two polarization beam splitters (PBSs, extinction ratio of ~18 dB). A PM-EDFA consists of a PM-EDF, a wavelength division multiplexed coupler, and a 976-nm laser diode. In the linear arm, the two orthogonally polarized beams are divided into two paths through a PBC, and the paths consist of two fiber-optic collimators and two dielectric mirrors. In the cavity configuration, Δfrep can be easily tailored by the path length in the separated region consisting of the fiber and free-space. A 10/90 coupler is also installed in the linear arm, and 10% of the propagating power is coupled out of the cavity via the coupler. All the non-common paths are placed closely such that they share the mechanical vibration. The laser output is divided into two orthogonally polarized beams using a PBC in the output path. The two outputs are measured using an optical spectrum analyzer and a radio-frequency (RF) spectrum analyzer via a fast photodetector. In this setup, since both PMF and PM-EDF have anomalous dispersion at 1550 nm, the net cavity dispersion is also anomalous. In this study, all the experiments are conducted in the free-running operation, as described in the following sections. 
Experimental setup

Experimental results
Dual-wavelength polarization-multiplexed mode-locking operation
When the pump power is increased, the mode-locking operation is self-started due to the presence of NALM with NRPS. As we decrease the pump power to ~100 mW, we obtain singlepulse mode-locking operation. Figure 2(a) shows the optical spectra of the two orthogonally polarized outputs. In the slow axis output (red curve), the center wavelength is 1564.4 nm, the full-width-at-half-maximum (FWHM) bandwidth (∆λ) of the spectrum is 8.0 nm, and the output power is 0.9 mW. In the fast axis output (blue curve), the center wavelength is 1535.9 nm, ∆λ is 8.0 nm, and the output power is 0.4 mW. Figure 2(b) shows the RF spectra of the two orthogonally polarized outputs at a resolution bandwidth (RBW) of 100 kHz. The repetition rate (frep) for both the outputs is 21.2 MHz, and ∆frep is 8.9 kHz. Both the frep values could be varied independently by the position of each collimator in the free-space section of linear arm. Therefore, ∆frep could be conveniently tuned up to ~9 kHz. However, in the current setup, owing to polarization crosstalk between the two orthogonal components in the laser cavity, ∆frep has a minimum achievable value. The problem could be solved by improving the polarization extinction ratio of all PMF devices. The center wavelength of the two outputs are significantly different; therefore, the laser operates in the dual-wavelength polarization-multiplexed modelocking regime at 1564.4 nm and 1535.9 nm simultaneously.
To evaluate the relative stability in the RF domain, we measure frep for the two combs simultaneously using two frequency counters (Tektronix, FCA3100) with reference to a Rb frequency standard (SRS, FS725). Figures 2(c) and 2(d) , respectively, show the temporal variation of frep for the two outputs and ∆frep in the free-running operation. While both frep change owing to environmental perturbation, a high relative stability of ∆frep is obtained with a standard deviation of 0.50 Hz (Allan deviation of 0.10 Hz for an averaging time of 1 s) without temperature control, owing to passive common-mode noise cancellation. Fig. 2 . (a) Optical spectra and (b) RF spectra of the two orthogonally polarized outputs with a dual-wavelength mode-locking operation. Temporal variation of (c) the repetition rates (frep) of the two outputs and (d) the difference in the repetition rate (Δfrep). "STD" denotes standard deviation; "dev" denotes deviation.
Single-wavelength polarization-multiplexed mode-locking operation
In the developed all-PM, polarization-multiplexed, dual-comb fiber laser, we can change the center wavelength for mode-locking operation by tailoring the internal cavity loss since the center wavelength with sufficient gain to oscillate also changes. Thus, in practice, by optimizing the fiber coupling alignment after the free-space section in the linear arm, we can realize the single-wavelength operation. In this case, the mode-locking operation is also selfstarted by increasing the pump power. As we decrease the pump power to ~100 mW, we obtain single-pulse mode-locking operation. Figure 3(a) shows the optical spectra of singlewavelength polarization-multiplexed mode-locking operation. In the slow axis, the center wavelength is 1563.7 nm, ∆λ is 8.2 nm, and the output power is 0.5 mW. In the fast axis, the center wavelength is 1562.7 nm, ∆λ is 8.0 nm, and the output power is 0.5 mW. The spectral shape and Kelly sidebands are different from typical soliton mode-locking owing to missalignment for the polarization axis in the non-reciprocal phase shifter. Figure 3(b) shows the RF spectra of the two orthogonally polarized outputs at an RBW of 100 kHz. In this case, the frep value for both the outputs is 22.7 MHz, and ∆frep is 9.5 kHz. Both the frep values could be varied independently by the position of each collimator in the free-space section of linear arm. Therefore, ∆frep could be conveniently tuned up to ~9 kHz. However, in the current setup, owing to polarization crosstalk between the two orthogonal components in the laser cavity, ∆frep has a minimum achievable value. The problem could be solved by improving the polarization extinction ratio of all PMF devices. As shown in Fig. 3(a) , the laser operates in the singlewavelength polarization-multiplexed mode-locking regime. Therefore, the spectra of the two frequency combs overlap without extra-cavity nonlinear spectral broadening.
To evaluate the relative stability in the RF domain, we again measure frep for the two combs simultaneously using two frequency counters. Figures 3(c) and 3(d) , respectively, show the temporal variation of frep for the two outputs and ∆frep in the free-running operation. While each frep changes owing to environmental perturbation, a high relative stability of ∆frep is obtained with a standard deviation of 0.50 Hz (Allan deviation of 0.08 Hz for an averaging time of 1 s) without temperature control, owing to passive common-mode noise cancellation. This is a significant advantage for DCS, where ∆frep should be kept constant during multi-heterodyne beat signal measurement. The mode-locking operation can be maintained for one week without realignment or maintenance. Moreover, owing to the all-PM configuration, the mode-locking operation can be maintained in case of any perturbations caused by the touching of the fibers or vibration. frep can be further increased by reducing the physical length of the cavity. Moreover, we can further stabilize ∆frep by stabilizing the laser cavity, e.g., by temperature control and by introducing an enclosure box. Fig. 3 . (a) Optical spectra and (b) RF spectra of the two orthogonally polarized outputs with a single-wavelength mode-locking operation. Temporal variation of (c) the repetition rates (frep) of the two outputs and (d) the difference in the repetition rate (Δfrep). "STD" denotes standard deviation; "dev" denotes deviation.
Evaluation of relative coherence between the two outputs
In this section, we evaluate the relative coherence between the two frequency combs with the same center wavelength.
First, we detect the beat signals between the two outputs and a narrow-linewidth singlefrequency laser (Redfern Integrated Optics, RIO ORION laser module) at 1560 nm. Figures  4(a) and 4(b) present the RF spectra of the beat notes for the two frequency combs. We obtain the beat notes with a high signal-to-noise ratio of ~30 dB at an RBW of 100 kHz and a narrow linewidth of ~10 kHz at an RBW of 1 kHz. These results imply that the two orthogonally polarized frequency combs have sufficient coherence at 1560 nm. In addition to the main beat note, a small beat note is also detected with a difference of ~15 dB from the main beat note. This small signal is the beat note between the single-frequency laser and the orthogonally polarized component owing to polarization crosstalk. The crosstalk is due to the PMF devices with a low extinction ratio of ~18 dB which are used in the intra-and extra-laser cavities. In the future, it can be improved using PMF devices with a higher polarization extinction ratio.
Second, to evaluate the relative coherence between the dual outputs of the laser, the two beat notes for both frequency combs are extracted by a low-pass filter and amplified by a lownoise RF amplifier. Then, the two beat notes are mixed with a double-balanced mixer, and the difference frequency signal is extracted by filtering. As shown in Fig. 4(c) , the difference frequency beat note has a linewidth of ~1 kHz (for a measurement time of 1.9 ms) in the freerunning operation. The result implies that the two frequency combs have high relative coherence. To the best of our knowledge, this is the first demonstration of direct detection of relative beat notes without extra-cavity nonlinear spectral broadening using an all-PM, polarization-multiplexed, dual-comb fiber laser. In the future, all free-space setups can be integrated to further improve the relative stability, and therefore, we expect that multiheterodyne beat notes between the dual-frequency combs could be detected without such nonlinear spectral broadening. 
Conclusion
We developed an all-PM, polarization-multiplexed, dual-comb fiber laser with NALM modelocking mechanism toward a robust and practical DCS system, which can be used beyond the special laboratories and without the necessity of the expertise in laser stabilization. Owing to polarization-multiplexed mode-locking operation, the dual-frequency combs with ∆frep from the single-laser cavity were generated at the same center wavelength without extra-cavity nonlinear spectral broadening. The two direct outputs from the laser cavity showed broad spectra with an FWHM bandwidth of ~8.0 nm at ~1560 nm. Therefore, we demonstrated the direct detection of the relative beat note between the dual-frequency combs with a linewidth of ~1 kHz in the optical domain. Moreover, a small Δfrep of ~9.5 kHz with a repetition rate (frep) of ~23 MHz was obtained with a high relative stability in the free-running operation. As these two frequency combs were generated by the same single-laser cavity, the high relative stability and mutual coherence between the two frequency combs were observed owing to passive common-mode noise cancellation. Therefore, multi-heterodyne beat notes is likely to be detected with high visibility without a complex servo system or signal processing between the two frequency combs and/or an extra-cavity nonlinear spectral broadening. Further, the all-PM based configuration is robust to environmental perturbation. In the future, all free-space setups can be integrated to further improve the stability and reduce the size using micro-optic packaging or module. In this laser cavity configuration, the piezo actuators can be installed on two free-space mirrors to stabilize the freps, and long-term relative stability can be improved. Therefore, this dual-comb fiber laser can be a powerful tool in practical DCS systems and provide a promising alternative to the current systems. Moreover, it can expand the range of applications of optical frequency combs. 
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